The forthcoming generation of wide-field galaxy surveys will probe larger volumes and galaxy densities, thus allowing for a much larger signal-to-noise ratio for higher-order clustering statistics, in particular the galaxy bispectrum. Extracting this information, however, is more challenging than using the power spectrum due to more complex theoretical modeling, as well as significant computational cost of evaluating the bispectrum signal and the error budget. To overcome these challenges, several proxy statistics have been proposed in the literature, which partially or fully capture the information in the bispectrum, while being computationally less expensive than the bispectrum. One such statistics are weighted skew-spectra, which are cross-spectra of the density field and appropriately weighted quadratic fields. Using Fisher forecasts, we show that the information in these skew-spectra is equivalent to that in the bispectrum for parameters that appear as amplitudes in the bispectrum model, such as galaxy bias parameters or the amplitude of primordial non-Gaussianity. We consider three shapes of the primordial bispectrum: local, equilateral and that due to massive particles with spin two during inflation. To obtain constraints that match those from a measurement of the full bispectrum, we find that it is crucial to account for the full covariance matrix of the skew-spectra.
Introduction
High-precision measurements of the cosmic microwave background (CMB) anisotropies have so far played a central role in shaping our understanding of the origin of the Universe and its evolution [1] . The next generation of CMB observations will continue to provide invaluable cosmological information via higher-precision measurements of the CMB primary polarization anisotropies, and the CMB secondary anisotropies, such as CMB lensing [2, 3] . This will be complemented by the massive amount of high-precision data from upcoming wide-field galaxy surveys, such as DESI [4] , EUCLID [5] , SPHEREx [6] , and LSST [7] , measuring the shape and clustering statistics of galaxies and quasars over large comoving volumes and a wide range of redshifts.
To date, most of the cosmological information from the large-scale structure (LSS) of the universe has been extracted from the 2-point clustering statistics, such as the power spectrum. Given the inherent nonlinearity of the LSS, it is well known that there is a wealth of information in higher-order statistics [8, 9] . Accounting for this will be essential in recovering information not present in the power spectrum, e.g. the imprint of primordial bispectrum beyond the local shape. Moreover, higher-point functions can be used to measure nonlinear bias parameters, reduce degeneracies that are present at the level of the power spectrum, and test the nonlinear modeling of the power spectrum. Future LSS surveys promise larger volumes and galaxy densities, thus allowing for a much larger signal-to-noise ratio for higher-order clustering statistics, in particular the bispectrum. Extracting the information from the bispectrum, however, is more challenging than it is from the power spectrum, due to complexities in theoretical modeling of the bispectrum, as well as significant computational cost of measuring the signal and determining the error budget [10, 11] . Alternatively, to bypass some of these challenges, several proxy statistics have been proposed in the literature that attempt to capture the information of the LSS bispectrum on parameters of interest, and are simpler and computationally less expensive than the bispectrum [12] [13] [14] [15] [16] [17] [18] [19] .
In practice, different proxy statistics compress the information in the bispectrum via some weighted averaging of the bispectrum signal. Depending on how this averaging is performed, the proxies may have less information than the bispectrum, either due to compression or due to being sensitive to only certain triangle configurations. It is therefore important to construct the proxies such that they optimally capture the information of the bispectrum on the parameters that one is after. An extensive comparison of information content of three of these proxies and constraints on cosmological parameters, integrated bispectrum, line bispectrum and model bispectrum has been performed in Ref. [20] .
In this paper, we focus on the LSS bispectrum estimator introduced in Ref. [15] , which we will refer to as weighted skew-spectra to connect with similar previously introduced estimators for the CMB and LSS [21] [22] [23] [24] . The skew-spectra are constructed so that their combined information on amplitude-like parameters, such as bias parameters and the amplitude of primordial non-Gaussianity (PNG), is equivalent to that of the bispectrum. Computationally, evaluation of the skew-spectra is equivalent to power spectrum estimation. Focusing on Gaussian initial conditions, in Ref. [15] these estimators and their covariances were measured on N -body simulations and compared with theoretical predictions. Furthermore, the estimators were used to measure halo bias parameters and corrections to the shot noise of the bispectrum. An explicit comparison with bispectrum constraints, however, was not performed. Also, although the corresponding estimator for the contribution of the primordial bispectrum of the local-shape was introduced, no analysis was performed in that case. In this paper, we extend the work of Ref. [15] in several ways. First, we compare the constraints on parameters expected from the skew-spectra with those from the bispectrum by performing a Fisher forecast. Through this comparison, we point out that some of the simplifying assumptions made in Ref. [15] , especially about the covariance, need to be corrected in order to capture the full information of the bispectrum. Furthermore, we also consider the contribution from primordial non-Gaussianity of local and equilateral shapes, as well as that due to the presence of massive particles with spin s = 2 during inflation.
The rest of the paper is organized as follows. We start in Section 2 by reviewing the construction of the skew-spectra as optimal estimators of the large-scale structure bispectrum. In Section 3.1, we first discuss the separability of the template of the bispectrum due to the presence of massive particles with spin during inflation, and then proceed to construct the skew-spectra given this template, as well as local and equilateral primordial bispectra. In Section 3.2, we briefly review the results of Ref. [15] for matter and galaxy skew-spectra due to gravitational evolution, and in Section 3.3, we discuss the shot-noise contribution to the galaxy skew-spectrum. In Section 3.4, we discuss the covariances of the skew-spectra and, in Section 4, we detail our forecasting methodology and survey design and present the results of our Fisher forecast. We draw our conclusions in Section 5.
Estimating the Bispectrum with Weighted Skew-Spectra
The standard method to constrain parameters with the bispectrum is as follows. First, the bispectrum is measured for various wavevector triangles, i.e. triplets of 3D Fourier modes of the galaxy overdensity. One then assumes a Gaussian likelihood for this measured bispectrum using a theoretical model for the expectation value of the bispectrum. This model depends on the parameters of interest, which commonly include cosmological parameters, galaxy bias and shot noise. To obtain posteriors of these parameters, the likelihood, multiplied by priors on the parameters, is evaluated for many sample values of the parameters. This general Markov chain Monte Carlo (MCMC) sampling method works for all parameters, no matter how complicated they enter the model. However, this procedure requires measuring the bispectrum for a large number of Fourier triangles, ideally all triangles that can be formed, which is computationally slow and difficult to visualize.
To address this issue, we make the same assumptions as before, but we restrict ourselves to parameters that enter the model bispectrum linearly, noting that this includes a number of physically interesting examples such as galaxy bias parameters, the shot noise amplitude, the root mean square normalization of fluctuations σ 8 , and primordial non-Gaussianity. The key consequence of this assumption is that the likelihood regarded as a function of these parameters has the form of a Gaussian, centered at the maximum-likelihood value for these parameters (with width given by the Fisher matrix). Therefore, if we assume Gaussian priors for these parameters, 1 their posteriors will also be Gaussian, since the product of two Gaussian probability distributions is also Gaussian. To compute this Gaussian posterior, all we need to compute from the data are therefore the maximum-likelihood estimates for the parameters. The likelihood is then given by a Gaussian centered at those values, and can be multiplied by the prior to get the posterior, which will be identical to that obtained from MCMC sampling the parameters under our assumptions. This motivates finding a fast method to obtain the maximum likelihood parameter values following from the LSS bispectrum.
Let us start by considering just a single parameter, f NL , that enters the theoretical bispectrum model as an overall linear amplitude,
where δ can be either matter or galaxy overdensity. The maximum likelihood estimator of this amplitude,f NL , in the limit of weak non-Gaussianity is given by [12] f NL = (2π) 3 N th
where in writing the denominator, we have assumed that the covariance matrix is diagonal, so P δ is the power spectrum of the observed density perturbation δ, which includes shot noise for discrete tracers. Up to here the estimator in Eq. (2.2) is general and is valid in real and redshift space. The estimator has been normalized such that f NL = f NL , if the observed bispectrum is
Assuming statistical isotropy (i.e. the bispectrum being only a function of three numbers), the normalization factor is therefore given by
where V B denotes the region over which the momenta satisfy the triangular conditions and V = (2π) 3 δ D (0) is the survey volume. Hereafter we neglect the term linear in δ in Eq. (2.2), since we are assuming the field to be statistically homogeneous (neglecting possible inhomogeneous noise). In writing the above expression for the estimator, it is assumed that we only account for the modes in the mildly nonlinear regime, where the bispectrum covariance matrix is nearly diagonal. The factors of the power spectra in the denominator therefore account for the inverse variance weighting of the observed density perturbation δ. Suppose now that the theoretical bispectrum of interest can be expressed as a sum of product separable terms of the form
The estimator in Eq. (2.2) then becomeŝ
where the notation of q refers to the 3-dimensional integration d 3 q/(2π) 3 , imposing the condition that only modes with q, |k−q| < k max contribute. This condition is set to avoid contributions from small-scales modes to the skew-spectrum, and to make the analysis consistent with the standard analysis of the bispectrum where the condition of k i < k max is imposed for all wavenumbers k i . 2 As is expected, choosing a larger value of k max generally increases the signal-to-noise, with the trade-off that we approach a scale at which our theoretical model becomes no longer accurate. Now, writing the integral over q as a convolution of the filtered densities
we can express the estimator in the following compact form [15] :
defines the skew-spectrum estimator between the quadratic field (2.6) and the filtered density field [hδ](k) ≡ h(k)δ(k). The integral k is over modes within the shell centered at k with the volume V s (k) = 4πk 2 ∆k, and V i is the volume of the redshift bin in the range z ∈ [z min , z max ], which for a survey with a sky coverage of f sky is given in terms of comoving distance d c as
For the skew-spectra corresponding to the bispectrum due to gravitational evolution, the k 2 /P δ (k) weighting of the optimal bispectrum estimator in Eq. (2.7) corresponds to the inverse variance weighting of the cross-spectrum on large scales, assuming Gaussian bispectrum covariance. This is due to the fact that in this case the variance of the cross-spectra on large scales, k → 0, scales like P δ (k)/k 2 [15] . If the theoretical bispectrum has a separable form, the maximum likelihood estimate of its amplitude can therefore be written as the skew-spectrum estimator of appropriately filtered quadratic and linear density fields. In practice, the convolution of the two filtered fields in Eq. (2.6) can be efficiently performed by first multiplying the density in Fourier space with the two filters f /P and g/P , then inverse-Fourier transforming the filtered fields to configuration space and multiplying them, and finally Fourier transforming the result back to Fourier space. The computational cost is dominated by the cost of Fourier transforms, which if evaluated using Fast Fourier transforms (FFTs) requires O(N log N ) operations, where N = (k max /k min ) 3 is the number of 3D grid points at which the fields are evaluated. For example, N = 10 6 for 100 grids points per dimension. This means that the full information of the bispectrum on its amplitude can be computed in O(N log N ) time using the skew-spectrum defined by Eq. (2.8). The computational cost is thus equivalent to calculating the power spectrum, and avoids the evaluation of all triangular configurations which requires O(N 2 ) operations.
If the bispectrum model is a sum of separable terms, we can compute one skew-spectrum for each such term to determine the amplitude of each contribution. By combining these skewspectra, we obtain the full bispectrum information on such amplitude-like parameters, such as galaxy biases and the nonlinear parameter f NL for primordial non-Gaussianity. Constructing these skew-spectra will be the subject of the subsequent sections.
Skew-Spectra for the Tree-Level Bispectrum
In this section, we construct the skew-spectra corresponding to the tree-level matter and galaxy bispectrum, accounting for the contributions from primordial non-Gaussianity ( §3.1) and gravitational evolution ( §3.2). In §3.3, we compute the shot-noise contribution to each of the skewspectra, arising from the stochastic contribution to the galaxy bispectrum. Lastly, we compute the covariances of the skew-spectra which are needed for performing Fisher analysis and obtaining parameter constraints in §3.4.
Primordial Non-Gaussianity
First, we construct the skew-spectra arising from non-Gaussian initial conditions. As a case study, we outline a detailed construction of the skew-spectrum corresponding to the primordial bispectrum due to couplings of the inflaton field to extra particles with generic spins and masses comparable to the Hubble scale, in the context of "cosmological collider physics" [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] , along with other conventional shapes. After discussing the separability of the primordial bispectrum in §3.1.1, we derive the corresponding cross-spectra using the maximum-likelihood f NL estimator for the matter and galaxy bispectra in §3.1.2 and §3.1.3, respectively.
Separable Templates
The bispectrum of the primordial curvature perturbation ζ is defined as
To better illustrate how the construction of the skew-spectrum (2.8) works in practice, we will study several specific primordial bispectra in our analysis. For example, the local and equilateral bispectra are given by [42] [43] [44] [45] [46] [47] 
The local non-Gaussianity typically arises in multi-field inflationary scenarios, and (3.2) corresponds to having a local expansion of Gaussian fields in real space. The equilateral template captures the shape that arises from the interactionsπ 3 andπ(∂ i π) 2 , where π is the Goldstone boson of broken time translations during inflation [48] . These describe the self-interactions of the scalar fluctuations during inflation at leading order in derivatives. If these fluctuations couple to other particles present during inflation, then other distinctive shapes will be generated that depend on the masses and spins of the extra particles. Although these shapes are difficult to compute for general momentum configurations, they take simple functional behaviors in certain limits. For instance, they exhibit an oscillatory behavior with angular dependence in the squeezed limit, whereas away from it the shape degenerates with the higher-spin version of the equilateral shape [30, 32, 39] . 3 Using this information, Ref. [49] introduced a template for the primordial bispectrum arising from massive particles with spin, denoted as B (s) ζ , which takes the form
where B A and B NA respectively capture the information about the "EFT expansion" and "particle production" due to the particle exchange process. These are called the "analytic" and "non-analytic" parts that reflect their scaling behavior in the squeezed limit. For detecting extra particles, we are interested in measuring the latter contribution. A spin-dependent prefactor α(s) is inserted to ensure the standard normalization in the equilateral configuration,
The precise shapes are given by
is the mass parameter with m being the mass of the particle, L s is the Legendre polynomial of degree s, and Θ is the Heaviside step function, which for a squeezing factor x * < 1 accounts for the fact that the non-analytic template is only valid in the squeezed-limit. In practice, we set x * = 0.1. For a given type of interaction, the phase ϕ is fully determined in terms of the mass parameter ν; for simplicity, we will set ϕ = 0. An important parameter is r (s) (ν), which sets the relative size of the analytic and non-analytic parts for a given spin. For large ν, it goes as r (s) ∼ e −πν due to the Boltzmann suppression for pair-production of particles in a near-de Sitter inflationary background. This implies that the signal will be dominated by the analytic part, unless ν is not too bigger than one. For the explicit expressions of r (s) up to s = 4, see [49] . The local and equilateral templates are manifestly in a separable form. In contrast, the dependence on k t in the denominator of Eq. (3.5) and the cosine and Heaviside functions in Eq. (3.6) make the template for particle exchange in Eq. (3.4) naively look non-separable. However, there is a well-known simple trick to make the k t part separable, which is by the use of the Schwinger parameterization [50, 51] 1
In rewriting the analytic part of the template, since the integrand is a smooth function, the integration over τ can be well-approximated as a sum, requiring typically of order O(10 − 10 2 ) terms to reach a percent-level accuracy. Writing the argument of the Legendre polynomial aŝ k 1 ·k 3 = (k 2 2 − k 2 1 − k 2 3 )/2, we see that the analytic part of the template can be written in a manifestly separable form.
For the non-analytic part of the template, we note that the cosine in Eq. (3.6) can be written as a sum over two complex power-laws 2 cos ν ln
which are manifestly separable. Moreover, the naively non-separable Heaviside function can be dealt with by approximating it with the following sum [52, 53] Θ
where the sum converges for 0 < x * k 3 −k 1 < 2πk and we have introduced an arbitrary scale k to make up the dimensions. This sum converges very fast for x * k 3 k 1 and requires N Θ = O(10 2 ) terms near the cutoff, x * k 3 ≈ k 1 , for a percent-level precision.
Instead of following the above procedure to rewrite the analytic part of the template in an explicitly separable form, we can also construct approximate separable templates. For example, the equilateral template (3.3) was constructed precisely in this manner. We discuss the construction of such a template and its accuracy compared to the full template in Appendix B. Having written the bispectrum templates in separable forms, next we derive the nonlinear kernels and the skew-spectra of the matter and halo bispectra following from the above three primordial bispectra.
Skew-Spectra for the Matter Bispectrum
The matter bispectrum due to the presence of primordial non-Gaussianity with nonzero bispectrum B ζ is given by
where M(k, z) is the transfer function that relates the primordial fluctuations ζ to the linearly extrapolated matter overdensity δ 0 during the matter-domination era
To avoid clutter, from here on we drop the explicit redshift dependence of the transfer function. For a general separable primordial bispectrum, the estimator for the skew-spectrum, averaged over the Fourier bin of width ∆k centered at k, is given in terms of the cross-spectra of the quadratic and linear filtered matter fields δ m (k)/M(k) by [15] 
where we defined the quadratic filtered field corresponding to the primordial bispectrum as
with P 0 being the linear matter power spectrum, and again we have dropped the explicit redshift dependence of P 0 . The kernel D PNG is the non-linear kernel determined by the shape of primordial bispectrum under consideration. Below we will derive the form of this kernel for the local, equilateral, and the spin-s exchange bispectrum templates, which we will denote by D loc , D eq , and D spin , respectively. In the above definition of the quadratic field, the ratio of the linear matter power spectrum to that of the observed density field, P 0 /P m , plays the role of a weighting function. For dark matter, the weight becomes unity on large scales. Setting this ratio to unity on all scales amounts to choosing a sub-optimal weight on small scales due to the nonlinear corrections to the power spectrum and shot noise for discrete tracers. It was argued in Ref. [15] that the drop in the integrand due to the smoothing kernel used in calculating the cross-spectra is much faster than the drop of the ratio of the power spectra, and the weight was therefore set to unity. However, we will instead keep the optimal weight in our analysis. When considering the cross-spectra corresponding to the halo bispectrum, the power spectra in the denominator are replaced by the power spectrum of halos, including shot noise.
Taking the expectation value of the estimator gives the skew-spectrum 4
where B m is the matter bispectrum. At tree-level in perturbation theory, this is
where the tree-level matter bispectrum due to gravitational evolution is 16) and F 2 is the matter mode-coupling kernel [54, 55] 
(3.17)
Note that we have made the assumption that upon taking the ensemble average in Eq. (3.12), the integrand is constant within each k-bin for narrow bin widths. The nonlinear kernel for the primordial bispectrum in Eq. (3.4) can be written as
where the kernels D (s) i correspond to the analytic part of the template, while the kernel D (ν) corresponds to the non-analytic part and are given by
For the non-analytic part, we have
Following a similar derivation, the nonlinear kernels corresponding to the primordial bispectrum of the local and equilateral shape are
where we used the symmetry q ↔ k − q in the integrand to combine different terms.
Skew-Spectra for the Galaxy Bispectrum
We use a simple bias prescription in Eulerian space, where the galaxy overdensity at point x is expanded in terms of the matter overdensity and the traceless part of the tidal tensor at the same location. Up to quadratic order, we have
where K ij is the tidal tensor defined as
For the smoothed galaxy density field, the estimator for the skew-spectrum is defined similarly to Eq. (3.13), but with the matter density field δ m replaced by δ g . The expectation value of the estimator is
Accounting for the contributions from gravitational evolution and primordial bispectrum, the galaxy bispectrum at tree-level in perturbation theory is given by
with K 2 being the square of the tidal field in Fourier space
(3.29)
To make the notation more concise, in the rest of the paper we will redefine the nonlinear kernel corresponding to the primordial bispectrum of matter or galaxies as
and use the notation
with the subscript a ∈ {m, g} denoting either the matter or galaxy density field. We will show the shape of the skew-spectrum due to local non-Gaussianity, as well as those due to gravitational evolution in Fig. 1 . We note that a nonzero primordial bispectrum can induce additional contributions the bispectrum of biased tracers beside Eq. (3.28). These contributions are due to the fact that in the presence of primordial non-Gaussianity, the bias expansion in Eq. (3.23) is modified and new bias operators are needed [56, 57] . For instance, at linear level, the observed density field of the biased tracer would depend on the gravitational potential at early times φ in addition to matter density field. Therefore, to capture the full information of the bispectrum, in addition to the non-linear kernel in Eq. (3.28), one need to construct new kernels to capture the shape of these new contribution.
As we discuss in Appendix A, depending on the shape of the primordial bispectrum, accounting for the additional contributions may be important. In particular, for the local shape, the linear dependence on φ gives rise to the so-called scale-dependent bias in the galaxy power spectrum [58] [59] [60] , as well as in the bispectrum. In this work, we neglect these contributions here and only consider the non-linear kernels corresponding to Eq. (3.28). While this is a good assumption for the equilateral and spin-exchange bispectra, the new contributions should be correctly accounted for local non-Gaussianity. We defer this to a future analysis.
Gaussian Initial Conditions
The skew-spectra corresponding to the matter and halo bispectra due to gravitational evolution of Gaussian initial conditions can be derived similarly to the ones above for primordial non-Gaussianity. This leads to three types of skew-spectra between a quadratic and a linear density field [15] . The three quadratic fields in configuration space are the squared density field δ 2 (x), a shift term that contracts the displacement and gradient of the density ψ i (x)∂ i δ(x), and a tidal shear term [K ij (x)] 2 . In this section, we simply summarize the final expressions from Ref. [15] for the expectation values of the matter and halo cross-spectra that we will use in our Fisher forecast, and refer the interested reader to Ref. [15] for more details.
Skew-Spectra for the Matter Bispectrum
The skew-spectra corresponding to the maximum likelihood estimator of the amplitude of the matter bispectrum from Gaussian initial conditions, given by Eq. (3.16) , takes the form [15] 
where the nonlinear kernels D grav corresponding to the three quadratic fields δ 2 m , Ψ i m ∂ i δ m and
The three non-linear kernels D grav correspond to the matter bispectrum, decomposing the symmetrized kernel for the second-order density perturbations, 
with the subscript a ∈ {m, g} again referring to either matter or galaxy density field. The two I functions are given by
Note that ID F is symmetric under the exchangeD ↔ F , while I barẽ DF is not.
Skew-Spectra for the Galaxy Bispectrum
Similarly, when considering the galaxy bispectrum due to the gravitational evolution of Gaussian initial conditions in Eq. (3.26), the expectation value of the maximum likelihood estimator of the bias parameters (amplitudes) can be written in terms of three skew-spectra of the form [15] PD
where the quadratic kernels are again given by In Fig. 1 , we show the shapes of the contributions to the skew-spectra characterizing the tree-level galaxy bispectrum in the presence of local non-Gaussianity. Similar to Ref. [15] , we have grouped the contributions according to their scaling with bias parameters and f NL . As we discussed earlier, to discard the contribution from small-scale modes, the skew-spectra are computed using a sharp top-hat filter in Fourier space. Different lines and colors are described in the caption of the figure. As was shown in Ref. [15] for the skew-spectra due to gravitational evolution, different terms with the same scaling with biases have the same shape at large scales. When accounting for local non-Gaussianity, all contributions asymptotically approach zero at small scales. On large scales, the contributions that scale as b 3 1 f NL and are sourced by nonprimordial quadratic fields (blue, red and green lines) differ negligibly in their shapes, while the term sourced by the quadratic primordial field (yellow dashed-double-dotted line) has a different shape. The shape of the contributions from the primordial quadratic field scaling with other bias combinations (dashed, dashed dotted, and dotted yellow lines) also differ in their shapes. The two terms scaling as b 2 1 b K 2 and b 3 1 f NL (yellow dotted and dashed-dotted lines) nearly overlap.
Shot Noise
In addition to the primordial and gravitation contributions, the galaxy bispectrum receives a stochastic contribution due to the discreteness of galaxies. The Poisson prediction for the shot noise contribution is [61, 62] B shot g (k 1 , k 2 , k 3 ) = 1 n g P g (k 1 ) + 2 perms + 1 n 2 g , (3.37) 
1 fNL Figure 1 : The shapes of various contributions to the skew-spectra corresponding to the tree-level galaxy bispectrum given in Eqs. (3.26-3.28) at z = 1. For plotting convenience, we divide the skew-spectra by the linear matter power spectrum P 0 . Furthermore, since the overall amplitudes of the skew-spectra due to primordial and gravitational bispectra are significantly different, to show the shapes of different contributions at large and small scales more clearly, we normalized PD [δ h ],δ h /P 0 to be unity at k = 0.001 h Mpc −1 (hence the subscript N on the y-axis). We have grouped the contributions based on their scaling with biases and f NL ; scaling as b 3
The orange line correspond to the quadratic kernelD PNG for the local shape, and the field φ denotes the gravitational potential at initial conditions. The blue, red and green lines correspond to the skew spectra constructed from the three quadratic kernels forD grav , corresponding to squared density δ 2 g , shift term Ψ i h ∂ i δ g and tidal term K 2 g . In computing the weight (the ratio of the linear matter power spectra to the observed power spectra), we used the DESI shot-noise corresponding to redshift bin centered at z = 1.
wheren g is the mean number density of the tracer and P g (k) = b 2 1 P 0 (k) denotes the tree-level galaxy power spectrum. The shot noise contribution to the galaxy bispectrum contributes to the galaxy skew-spectrum as
and
where, again, the tilde denotes the product of the ratio of the power spectra and the quadratic kernels, andD refers to either the gravitationalD grav or primordialD PNG kernels.
The shot noise contribution for the skew-spectrum should be corrected for exclusion and clustering effects, similarly to corrections to the power spectrum shot noise [63, 64] . Following Ref. [15] , we model these corrections, for both the gravitational and primordial contributions, with two constant parameters, α 1 and α 2 , such that
Accounting for α 2 as a free parameter in addition to α 1 does not significantly improve the fit to N -body simulations for Gaussian initial conditions [15] . In our forecast, we therefore follow their prescription and set α 2 = α 1 , and vary α 1 as a free parameter. 5 We note that we do not consider a new skew-spectrum for the shot noise contribution. Since we constrain the correction to the Poisson shot noise, it may be a better approach to construct an independent skew-spectrum for this contribution.
Covariance
In our Fisher analysis, we use the skew-spectra arising from both gravitational evolution and primordial non-Gaussianity to obtain constraints on bias parameters and f NL of a given shape. We will therefore need the covariance of the gravitational and primordial skew-spectra, as well as their cross-correlations.
At leading-order in perturbation theory, the covariance of each of the skew-spectra estimators corresponding to primordial and gravitational bispectra is given by [15] Cov
whereP g denotes the total galaxy power spectrum including the shot noisẽ P g (k) = P g (k) + 1 n g , (3.42) and we defined
The kernelsD andẼ can be either the primordial or gravitational ones given by Eqs. (3.30) and (3.34) . The expression for the off-diagonal contribution to the covariance can be further simplified assuming that the integrand in the second line of Eq. (3.41) is constant over the k-bin to obtain 6
where we defined
with µ ≡k ·k . Note that both terms in Eq. (3.44) are inversely proportional to the volume of the survey, but their dependence on the volume V s of k-bins is different: while averaging over wider k-bin will decrease the contribution of the first term to the covariance, the contribution of the second term can only be reduced by increasing the volume of the survey. These scalings with the V i and V s are similar to that of the two (Gaussian vs. non-Gaussian) contributions to the power spectrum covariance [65] .
To illustrate the structure of the covariance matrix and the correlations between different k-modes for each skew-spectra, in Fig. 2 we show the full correlation matrix for the three skewspectra corresponding to gravitational evolution. The correlation coefficient between i-th and j-th k-bins is defined as
The correlation matrix has a block structure, with each block being the auto-or cross-correlation of the three skew-spectra. As expected, the off-diagonal elements due to coupling of different k-bins in each block are smaller than the diagonals in k, and get smaller going away from the diagonal. The diagonal elements corresponding to the correlations of F 1 2 L 1 , with both L 0 and L 2 skew-spectra, change sign when going from low to high k. For the correlation between the L 0 and L 2 spectra, the diagonal has opposite sign, it is positive at lower k and becomes negative at higher k. 7 
Fisher Forecast
In this section, we present Fisher forecasts on the bias parameters, the shot noise correction, and the primordial bispectrum amplitude, from both Gaussian and non-Gaussian initial conditions. In particular, we present the constraints on the parameters due to both the weighted skew-spectra and the full bispectrum, and compare the two results. Our method is described in §4.1, and the results are presented in §4.2.
Methodology
We perform a Fisher analysis to compare the constraints on the local, equilateral, and spinexchange primordial bispectra, using the combined skew-spectra and the full bispectrum. In our forecast, we consider the data vector consisting of the three crosses due to gravitational evolution, 7 The diagonal elements of the correlation matrix agree qualitatively with the results of Ref. [15] shown in their Fig. 7 . Note that we have opposite signs for the second nonlinear kernel D = F 1 2 L1. L 0 Figure 2 : The correlation matrix for three skew-spectra corresponding to the nonlinear kernels D ∈ {L 0 , F l 2 L 1 , L 2 }. The correlations are calculated at the fifth redshift bin of DESI (LRG+ELG) which centers at z = 1.05. The x and y axis show the indices of the k-bins. For this redshift bin, we have 18 k-bins with ∆k = 2k min . We have set k min = 0.004 Mpc −1 h to be the largest scale corresponding to the volume of the survey in this z-bin, and k max = 0.15 Mpc −1 h. and the skew-spectrum due to primordial non-Gaussianity in the selected k-bins. The total data vector is thus given by
where the first three skew-spectra are due to gravitational evolution, while the last one is due to primordial non-Gaussianity. Each P is the data vector containing the skew-spectra of different k-bins. For a given array of parameters λ, the total Fisher matrix of the gravitational and primordial skew-spectra at a given redshift bin with mean z i is given by
where N b is the number of k-bins with width ∆k, which varies for different redshift bins. Note that the covariance matrix in Eq. (4.2) is the full 4N b × 4N b covariance matrix for the data vector d defined by
When using the galaxy bispectrum instead of the skew-spectra as the observable, accounting for only the Gaussian contribution to the covariance, the Fisher matrix in each redshift bin is given by
with s 123 = 6, 2, 1 for equilateral, isosceles, and scalene triangles, respectively [8] ,n i is the mean galaxy number density in the i-th redshift bin, V 123 = 8π 2 k 1 k 2 k 3 ∆k 3 , andP g (k) is the galaxy power spectrum including the shot-noise given in Eq. (3.42). Assuming independent redshift bins, the total Fisher matrix is then the sum of the Fisher matrices over all the redshift bins,
(4.6)
In our main forecast for skew-spectra and bispectrum, we set k min to be the fundamental (largest) mode in the volume of the i-th redshift bin, with ∆k = k min and k max = 0.15 hMpc −1 .
Since the goal of our paper is to show the agreement between constraints derived from the skewspectra and the bispectrum, rather than providing forecasts from different surveys, we restrict ourselves to DESI [4, 66] as a representative of upcoming spectroscopic surveys. The model of the bispectrum we use does not account for several real-world complications, in particular the redshift-space distortions, the Alock-Paczynski effect, as well as the scale-dependent correction to galaxy bias due to local-shape PNG that is summarized in Appendix A. In order to make meaningful forecasts for specific surveys, one needs to account for all of these. We leave more complete forecasts for future work.
We use the same survey designs as in our previous work [49] . Here we only briefly outline our choices and refer the reader to more details to that reference. We assume uncorrelated top-hat redshift bins, such that the shot-noise in the i-th redshift bin is given bȳ
where f sky is the fraction of the sky covered, and dN/dz is the surface number density of galaxies in each survey (see Fig. 5 in Ref. [49] ). We take f sky = 0.34 corresponding to a coverage of 14000 deg 2 , and consider the 12 redshift bins in the range of 0.65 ≤ z ≤ 1.65. We fix the cosmological parameters and only vary the bias parameters, as well as the correction to the shot noise, in addition to the amplitudes of the primordial bispectra when considering non-Gaussian initial conditions. We set the values of the cosmological parameters to the best-fit values of Planck 2018 [1] (TT,EE,TE+lowE+lensing+BAO): ln(10 10 A s ) = 3.047, n s = 0.9665, h = 0.6766, Ω c h 2 = 0.11933, Ω b h 2 = 0.02242, τ = 0.0561, with pivot scale k p = 0.05 Mpc −1 . We use the public CLASS code [67, 68] to compute the linear matter power spectrum. For non-Gaussian initial conditions, we set the fiducial value of the amplitude to f NL = 0.
We model the redshift evolution of the linear bias as b 1 (z) =b 1 p(z), whereb 1 is a free amplitude that we vary and p(z) captures the redshift dependence. We set the fiducial value ofb 1 = 1.46 such that at z = 0 the value of the linear bias is consistent with the results in Ref. [69] for halos of mass M = 3×10 13 h −1 M . We take p(z) = 0.84/D(z) where D(z) is the growth factor normalized to unity at z = 0 [66] . For the fiducial values of quadratic biases we assume the scaling relations of b 2 =b 2 (0.412 − 2.143b 1 + 0.929b 2 1 + 0.008b 3 1 ) and b K 2 =b K 2 (0.64 − 0.3b 1 + 0.05b 2 1 − 0.06b 3 1 ), which are fits to N -body simulations [69, 70] . Based on these results, we assume that the above relation between b 2 and b K 2 with b 1 , is preserved in the redshift range we consider, and use it to set the fiducial values of the the biases in each redshift bin. In the Fisher forecast, we then vary two parameters for the overall amplitudesb 2 andb K 2 . The fiducial value of the correction to the shot-noise is set to α = 0.
The parameter array in our forecast for Gaussian initial conditions is then λ = {b 1 ,b 2 ,b K 2 , α}, while when accounting for primordial non-Gaussianity we also vary f NL . We note that since the skew-spectra derived here are only optimal estimators for parameters appearing as amplitudes, in the case of the primordial bispectrum due to massive particles with spin, we fix the mass parameter such that ν = 3. In our previous studies on the observablity of this shape of non-Gaussianity using the galaxy bispectrum [49] , we also varied the mass parameter ν.
Results
In this section, we first present forecasted constraints on the halo bias parameters b 1 , b 2 , b K 2 , as well as the shot noise correction α for Gaussian initial conditions. When considering non-Gaussian initial conditions, in addition to the above three parameters, we also vary the f NL of the local, equilateral, and spin-2 exchange bispectra.
Gaussian Initial Conditions
In Table 1 , we show the forecasted one-dimensional 1-σ marginalized constraint on each parameter, while in Fig. 3 we show the forecasted two-dimensional marginalized constraints on each pair of parameters. We compare the constraints obtained from the bispectrum, the skew spectra using the full covariance, and the skew spectra using only the first term in Eq. (3.44) for the covariance. The first two rows in Table 1 and the left panel of Fig. 3 show that the constraints from the skew-spectra and the bispectrum are comparable within a few percent if the full covariance of the skew-spectra is taken into account. This shows numerically that the skew-spectra capture the full information of the bispectrum on amplitude-like parameters, i.e. biases and the shot-noise correction. The bottom line of Table 1 and the right panel of Fig. 3 show that errors on the parameters are severely underestimated and the degeneracy direction of some parameters is tilted compared to using the full covariance or the bispectrum. This highlights the fact that it is crucial to include the full covariance of the skew-spectra to obtain correct constraints. Figure 3 : Forecast for two-dimensional marginalized constraints on bias parameters and the shot-noise correction. The left panel shows the constraints from the skew-spectra using their full covariance (blue), and for the bispectrum (purple). The right panel shows that constraints for the skew-spectra would be overly optimistic when assuming a diagonal covariance (red) instead of the full covariance (blue). The fiducial values of the parameters are given in the text, and the forecast is for the DESI survey.
Non-Gaussian Initial Conditions
In Table 2 we show the forecasted 1-σ constraints on the three primordial bispectrum shapes that we consider. The constraints are overall in good agreement with each other, with a mild discrepancy of a few percent. As in the case of Gaussian initial conditions, this difference is partially driven by the fact that we do not introduce a new skew-spectrum corresponding to the shot-noise contribution to the bispectrum. This results in weaker constraints on α from the skewspectrum compared to that from the bispectrum. An additional source of error is the numerical precision in calculating the skew-spectra and their covariances. In Fig. 4 , we show the two-dimentional constraints on each pair of the parameters, for the local shape on the left and equilateral shape on the right. The blue contours are constrains from the skew-spectra while the purple contours are obtained from the bispectrum. As for the Gaussian initial conditions, the constraints agree with each other to a good approximation.
DESI The fiducial values of the parameters are given in the text, and the constraints are obtained for the DESI survey.
Conclusions
Higher-order clustering statistics of galaxies contain a wealth of information on cosmology. On the one hand, they can be used to test the modeling of nonlinearities in the power spectrum and to improve constraints by breaking parameter degeneracies. On the other hand, they provide information not captured by the power spectrum, such as the imprints of primordial non-Gaussianity beyond the local shape. Up to now, most of the cosmological information from LSS surveys comes from measurements of the power spectrum. However, the next generation of galaxy surveys will provide high precision measurements of the bispectrum, thanks to the large cosmological volume of the surveys and the high number density of the observed galaxies.
In this paper, we investigated the information content of weighted skew-spectra [15] as proxies for the galaxy bispectrum. Using a Fisher forecast, we compared the expected constraints on galaxy bias parameters, corrections to Poisson shot noise and the amplitude of primordial non-Gaussianity from the full galaxy bispectrum against skew-spectra. We find that the skew-spectra have the same Fisher information for these amplitude-like parameters, i.e. they fully capture the information content of the bispectrum on these parameters. To obtain this agreement, it is crucial to account for the full covariance matrix of the skew-spectra, including mode-coupling contributions that were previously neglected.
The skew-spectra are constructed to be cross-spectra between the observed density field and a configuration-space product of two appropriately filtered density fields. The filters derive from the shape of the bispectrum contribution under consideration, and the form of the estimator derives from the maximum likelihood estimator for the bispectrum amplitude in the limit of weak non-Gaussianity. In Fourier space, the product corresponds to a convolution of the two filtered fields, and integrating the cross-spectrum over all wavenumbers corresponds to summing over all bispectrum triangle configurations. For Gaussian initial conditions, three skew-spectra constructed from the matter density, the displacement and the tidal tensor, δ 2 m , ψ i ∂ i δ m , [K ij ] 2 , are needed, while in the presence of primordial non-Gaussianity, one additional quadratic field constructed from the gravitational potential at the initial conditions is needed.
In order to apply the skew-spectra to actual observational data as a proxy for the bispectrum, one needs to account for several additional ingredients. First, to compute the theoretical skewspectra, we performed all integrals numerically. In order to embed the skew-spectra in Monte Carlo Markov Chain parameter estimation, the computation of these integrals should be accelerated. Given the similarity of these integrals with mode-coupling integrals in the loop computation of the power spectrum and bispectrum of the LSS, the results of recent studies [71] [72] [73] should be applicable to achieve the required speed-up. Alternatively, one could build an emulator for the skew-spectra using simulations of different cosmologies, which exist already for building power spectrum emulators.
Also, the redshift-space distortions (RSD) and the Alcock-Paczynski (AP) effects were not modeled. To account for RSD, several new skew-spectra are needed, while modeling of AP entails a re-scaling of the wavenumbers and angles in the skew-spectra. We do not expect any conceptual difficulty in implementing these effects, although there may be numerical challenges, especially in modeling of the RSD. This is because the data vector enlarges significantly due to the additional skew-spectra.
We only accounted for the the skew-spectra corresponding to the tree-level bispectrum. In order to use the information on small scales, modeling the bispectrum beyond the tree-level is necessary. Unlike the tree-level bispectrum, the 1-loop bispectrum does not have a separable form. This issue can potentially be overcome by realizing that the shapes of 1-loop contributions are highly correlated with the tree-level shape [74] , which implies that measuring the skewspectra that are derived from the tree-level bispectrum will capture most of the information in the full bispectrum. However, in that case, one has to be more careful in interpreting the measured amplitude parameters. Also, we did not fully account for contributions to biases from primordial non-Gaussianity. As we discussed earlier and describe in Appendix A, additional skew-spectra should be introduced for local non-Gaussianity to capture the contributions of the (scale-dependent) corrections to galaxy biases.
Lastly, we restricted the analysis to parameters that rescale the amplitude of bispectrum contributions. It would be interesting to see if optimal skew-spectra can also be constructed for cosmological parameters that modify the shape of the bispectrum. This might be possible by modeling the response of the bispectrum to such parameters with separable templates.
scale-dependant bias due to local-shape primordial bispectrum from the peak-background split (PBS) argument:
The PBS can be further applied to obtain the amplitude of the higher-order non-Gaussian biases in Lagrangian space [75] 
which then can be related to the Eulerian ones
Here δ c = 1.686 is the critical threshold for spherical collapse of halos. The second-order Lagrangian bias is related to Eulerian biases as b L 2 = b 2 − 8/21(b 1 − 1). Using the bias expansion in Eq. (A.1) and keeping terms linear in f loc NL , the galaxy bispectrum in the presence of local bispectrum is then given by [57] 
[∆b 1 (k 1 ) + ∆b 1 (k 2 )] P 0 (k 1 )P 0 (k 2 ) + 2b 2 1 [∆b 1 (k 1 ) + ∆b 1 (k 2 ) + ∆b 1 (k 3 )] F 2 (k 1 , k 2 )P 0 (k 1 )P 0 (k 2 ) Note that, as was shown in Ref. [76] , for the primordial bispectrum due to the presence of massive particles with spin, b φ is suppressed and has a weak to no scale-dependance (depending on the spin of particles). In our forecast for the bispectrum and skew-spectra, we therefore only keep the first two terms in Eq. (A.5), and leave the analysis of the full bispectrum for future work.
B Separable Templates
All physical primordial correlators have certain powers of k t appearing in denominators. One way to make this separable is to use the Schwinger parameterization and then approximate the integral as a finite sum, as described in the main text. However, it is often possible to directly construct a separable template that approximates the original shape to high precision. In this appendix, we describe a procedure for constructing separable templates for the analytic part of the spin-exchange bispectra. First, in order to see how much the template is correlated with the original shape, it is convenient to introduce the dimensionless shape function S(k 1 , k 2 , k 3 ) = (k 1 k 2 k 3 ) 2 A 2 s B(k 1 , k 2 , k 3 ) , (B.1) and use the following inner product between two shape functions [46] S a , S b = The goal is to find a simple separable template that is highly correlated with the original shape. The analytic part of the bispectrum is generated from the interactionπ(∂ i 1 ···is π) 2 , where∂ i 1 ···is denotes the traceless part of ∂ i 1 ···is . Assuming scale invariance, the bispectrum takes the form
This is not separable due to the k t factor appearing in the denominator. A manifestly factorizable template should be of the form
where Q s (k 1 , k 2 , k 3 ) is a polynomial that is symmetric in its arguments and p = 2+deg[Q s ]. There are a number of existing methods for building a basis functions for Q s , e.g. [77] [78] [79] . Instead, let us consider an ansatz given by The terms in the square brackets in Eq. (B.3) is monotonic, so most of the shape dependence comes from the Legendre polynomials. This suggests that Eq. (B.5) forms a natural basis that we can use. From this building block, we construct a general separable bispectrum by B temp s (k 1 , k 2 , k 3 ) = n i ,p i a p 1 p 2 p 3 n 1 n 2 n 3 B p 1 p 2 p 3 n 1 n 2 n 3 (k 1 , k 2 , k 3 ) , (B.8)
with coefficients a p 1 p 2 p 3 n 1 n 2 n 3 . The function Q s is constrained by demanding that B temp s has the correct scaling behavior in the squeezed limit: Eq. (3.5) behaves as k −1 1 as k 1 → 0. The leading squeezed limit of (B.5) is given by B p 1 p 2 p 3 n 1 n 2 n 3 (q → 0, k, k) ∼ q w , where w = −2 − 1 3 (n 1 p 1 + n 2 p 2 + n 3 p 3 ) + min(n 1 p 1 + n 2 p 2 , n 1 p 1 + n 3 p 3 , n 2 p 2 + n 3 p 3 ) . (B.9)
It turns out that the unique combination that lead to w = −1 is given by n i = p i = 1; this is nothing other than the usual equilateral template
This makes sense, since the equilateral template approximates the shape that arises fromπ(∂ i π) 2 , which is nothing but Eq. (B.3) with s = 1. The fact that this is unique implies that any higherspin template must also contain the equilateral template. For general spin, we expect the degree of the polynomial to match Eq. (B.7); e.g. we want n 1 p 1 + n 2 p 2 + n 3 p 3 = 6 for s = 2. There are four possible choices: B 222 111 , B 221 112 , B 211 122 , B 111 222 . It turns out to be sufficient to have just one of these, and we find that is over 99% correlated with B A s=2 under the inner product (B.2).
